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Abstract 
The method using decomposition of the potential of a system of field-forming elements into “irresolvable representations” is 
applied to the solution of boundary value problems for multi-electrode systems with flat and cylindrical electrodes, forming a 
multi-bounded area with symmetry Cnv. Analytic expressions are obtained for the potential of such systems, and the conditions 
for the electrode potentials, which make solutions by this method possible, are found.
  © 2008 Elsevier B.V.
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1. Introduction 
In previous papers [1,2], a field calculation method for multi-electrode systems was developed for Dirichlet 
problems in multi-bounded areas, when the electrodes of an electron-optical system possess definite geometrical 
symmetry. In this case, the potential ϕ  of the system field can be written in form of the sum of functions αϕ  
 ∑=
α
αϕϕ , (1) 
where each function αϕ relates to a different “irresolvable representations” of the group symmetry of the field-
forming surfaces of the system. Due to symmetry, these boundary problems for αϕ  are simpler than the original 
boundary problems for ϕ . 
 
In papers [1,2], we considered multi-electrode systems with symmetry Cnv, in the case of two-dimensional 
potential ϕ (x, y) in Cartesian coordinates. In this paper, using a similar principle, we consider cylindrical systems 
with n = 2, 4, 6, as shown in Fig. 1 (a, b, c). The electrodes potentials of cylinder electrode are denoted by kU and 
plane electrodes = kV ; R = radius of a cylindrical electrode; R1, R2, R3, R4 = distance from the origin of coordinates 
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up to the edges of the electrodes. 
 
 
Fig. 1. Multi-electrode systems with symmetry Cnv:   (a) n = 2 ;   (b)  n = 4 ;   (c) n = 6 . 
2. Description of the Field Calculation Method 
In the case of even n = 2p, the number of “irresolvable representations” of group Cnv is equal to p + 3, and in the 
case of odd n = 2p+1 is equal to p + 2. Using the known formula for dimensions of irresolvable representations 
 gf
r
k
k =∑
=1
2 , (2) 
where r = number of various irresolvable representations of a group;  fk = dimension of various irresolvable 
representations of a group; g = order of a group. That in case of the group Cnv = g = 2n and the number of one-
dimensional irresolvable representations at any even n is equal 4, and at odd = 2. Other irresolvable representations 
are two-dimensional and their number at even n = 2p  is equal to p−1, and at odd n = 2p+1 is equal to p. 
 
It is convenient to define the components αϕ  through polar coordinates ρ , ψ , which correspond to the 
Cartesian ones. There are four components appropriate to the one-dimensional irresolvable representations of group 
Cnv which at any even  n  can be written as: 
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In the case when n = 2, this expressions settle all irresolvable representations of the group. At any odd n, two 
components 1ϕ  and 2ϕ , appropriate to one-dimensional irresolvable representations, are also defined by the 
formulas (3) and (4). 
R 
V6 V1 
R1 R2 xx
V3 V3 
V7
V7
V3 
V1
V5
V5
V1 
U4 
U8 
U9 U10 
U1 
U2 
U3 
U4 U3 
U1 U2 
U12 
U11 
U7 
U5 
U8 
U7 U6 
U5 
U2 
U1 U4 
x V12 
V4
V4 
V11 
V10 V9 
V8 
V8V4 
V2 V2 
V6
V2 
R4 
R3 
y y y 
0 
U6 
U3 
286 G.A. Doskeev, I.F. Spivak-Lavrov / Physics Procedia 1 (2008) 285–289
 G.A. Doskeev, I.F. Spivak-Lavrov / Physics Procedia 00 (2008) 000–000 3 
 
The expressions for components of the two-dimensional potential appropriate to irresolvable representations of 
the group Cnv for any n cannot be written down in general case. However, for each number agreement n it is possible 
to define components appropriate to two-dimensional irresolvable representations.  So, in the case of the group  
 ( ) ( ) ( )[ ]ψπρϕψρϕψρϕ +−= ,,
2
1
,5
, (7) 
in the case C6v (n = 6, r = 5) we obtain: 
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and for the group v3
 
( n = 3, r = 3): 
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The special role at the decision of a boundary task is played by components ( )ψρϕα ,  (α  = 1, 2, 3, 4), 
appropriate to one-dimensional irresolvable representations. It is easy to show that, on planes of symmetry at ( ) nj 1−=πψ
 ( j = 1, 2, 3..., 2n) the components, determined by expressions (3)-(6), satisfy to the following 
boundary conditions: 
 ( ) 01,1 =−j
n
πρϕ ψ        ( )nj 2...,,2,1= , (11) 
 ( ) 01,2 =−j
n
πρϕ         ( )nj 2...,,2,1= , (12) 
 ( ) 01,3 =−j
n
πρϕ ψ        ( )12...,,3,1 −= nj , (13) 
 ( ) 01,3 =−j
n
πρϕ        ( )nj 2...,,4,2= , (14) 
 ( ) 01,4 =−j
n
πρϕ ψ         ( )nj 2...,,4,2= , (15) 
 ( ) 01,4 =−j
n
πρϕ         ( )12...,,3,1 −= nj . (16) 
In the above formulas, the index «ψ » designates private derivative on coordinate ψ . Thus, on all planes of 
symmetry address in zero or components of potential appropriate to one-dimensional irresolvable representations of 
the group of symmetry, or their normal derivative. As causes an opportunity of allocation 2n of one-coherent areas, 
with the boundary conditions, given on them, mixed boundary conditions Dirichlet-Neumann for 1ϕ , 3ϕ  and 4ϕ  
and it is simple Dirichlet for 2ϕ . 
 
For the decision of the task of calculation of distribution for potential ( )yx,ϕ , the boundary conditions (11)-(16) 
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should be complemented by boundary conditions on the electrodes of the system. If the potentials kV  (k = 1, 2, 3, ..., 
2n) on 2n electrodes are known, with the help of the formulas (3)-(6) the meanings of potentials on electrodes kVα  
for components αϕ (α  = 1, 2, 3, 4) can be found. The elements kVα  of a matrix of potentials V are such that 
 
kk VV =∑
=
4
1α
α
. (17) 
The boundary conditions for making of components αϕ  appropriate to two-dimensional irresolvable 
representations, (see, for example, (7)-(10) ) cannot be determined on all planes of symmetry, however decision of a 
task is possible, but at such the meanings of potentials of electrodes, which provide the identical reference in zero of 
these components. 
 
Let’s proceed to calculate the field of multi-electrode systems with symmetry vn  shown in Fig. 1. Each j-sector 
in the complex plane yixz +=  with potential of a cylindrical electrode Uj ( j = 1, 2, …, 2n) can be displayed on top 
half-plane of the complex plane viuw +=  with the help of the conformal transformation set by multi-sheets function 
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thus the back transformation  have 2n-branches, and 
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The boundary task in j-sector can be solved, when the potentials of electrodes satisfy to follow correlations:   V9 = V5 
= V1 ,   V10 = V6 = V2 ,  V11 = V7 = V3 ,  V12 = V8  = V4 ;  U9 = U5 = U1 ,   U10 = U6 = U2 ,    U11 = U7 = U3 ,  U12 = U8  = 
U4 .  The expression for the distribution of potential in j-sector taking account of (18) can be written down as 
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Here 
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and the real constants jαβ  and jαγ  can be found from the boundary conditions: 
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In the expressions (21)-(26), 
 
( ) ( )
( )
21
1
1
−±
−±
=
−
n
k
jn
n
k
jn
j
k RR
RR
a ; (27) 
 
4
22 3212
1
++++ −−−−+
=
jjjjjj
j
UUUUVV
A , 
4
22 32131
1
+++++ −−−−+
=
jjjjjj
j
UUUUVV
B  (28) 
 
4
22 3212
3
++++ −++−+
=
jjjjjj
j
UUUUVV
A , 
4
22 32131
3
+++++ ++−−−
=
jjjjjj
j
UUUUVV
B  (29) 
 
4
321
4
+++ ++−−
=
jjjj
j
UUUU
A , 
4
321
4
+++ −++−
=
jjjj
j
UUUU
B . (30) 
In expression (27) the superscripts correspond to k = 1, 2, and the subscripts to k = 3, 4. 
 
3. Conclusion 
The obtained analytical expressions for the potential can be used for the integration of the exact conformal 
invariant equations of charged particle trajectories [3]. 
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